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1. Introduction

In this paper, following recent work of ][], we explore a special limit of semiclassical
string states in AdSs x S® and dual gauge theory states in which one of the charges (one
spin J in S®) is much larger than all others. The energy (dimension) E diverges with .J
while their difference stays finite. This limit appears to bring in remarkable simplifications,
and thus its study may help to further clarify the structure of the string/gauge spectrum
of states.



If we consider for definiteness the SU(2) sector or string states on R x S® parametrized
by the two angular momenta Ji, Jo, then the limit we are interested in is, say, Jo > J; and
E—Jy=f(J1,A\) + O(J%) (X is the ‘t Hooft coupling or the square of the string tension).
In the semiclassical approximation one assumes that A > 1 while J; = & are fixed.
Taking this limit for a few known classical spinning string solutions [[]—[f one finds that
E — J5 takes a simple “square root” form, and the analytic form of the solution simplifies.
This turns out to be not accidental, as these states may be considered as bound states of
“giant magnons” whose momentum is fixed in the large spin limit [J, f]. Furthermore, their
“square root” dispersion relation appears to be exact in A, being protected by a residual
supersymmetry in this limit [, £].

One of our aims below will be to confirm this explicitly by a 1-loop AdSs x S° super-
string theory computation. This is a non-trivial check as the presence and implications of
the SU(2|2) x SU(2|2) (centrally extended) supersymmetry [il, B] was not yet established
directly at the level of the superstring action of [ff]. We shall also supplement this by an
analysis of the corresponding limit of the gauge/string Bethe equations of [§—[L(].

On the dual spin chain side this large spin limit corresponds to the large spin chain
length J = J; + Jo, and the states for which £ — J is fixed for J — oo are in the
“intermediate” part of the spin chain spectrum. For example, at the leading 1-loop order
in A the spin chain spectrum has the following structure in the J — oo limit [[L1] (the
structure of the spectrum at finite \ is expected to be qualitatively similar): it starts with
the ferromagnetic vacuum (BPS state) with £ — J = 0, on top of which come magnon
states with £ — J ~ % + O(%) dual to BMN states, then come low-energy spin wave
states with £ — J ~ %—i— O(%) 3] dual to spinning strings [[[3, B, [4], then “intermediate”
states with £ —J ~ A+ O(%) and finally the spinons and the top-energy antiferromagnetic
state with £ — J ~ A\J + O(1).!

While the momenta for standard magnon states, p ~ 2

J
momenta of special elementary “giant magnon” states, a finite number of which are used

scale to zero with J — oo, the

to construct physical Bethe states in the “intermediate” part of the spectrum, are fixed in
the large length limit. The same applies to the states in the near-antiferromagnetic region
which are built out of an order J number of magnons. Indeed, the same limit was previously
considered in [[] and, in particular, in [I7-[[9] in connection with the antiferromagnetic
state of the spin chain. The string solution counterpart of the antiferromagnetic state was
found in [R0].

Below in section 2 we shall describe the large spin limit of several classical string
solutions on S3 in S° (with the corresponding states belonging to the SU(2) sector of
the spin chain). One of them will be new — the second-spin generalization of the “giant
magnon” of [ff] (independently found recently in [R1]) while two others will be special cases
of the known solution — the folded spinning string of [, [J] and the circular string of [fi, 9.
In all of these cases we shall find that the expression for the classical energy simplifies in

!The “microscopic” magnon states correspond to Jo > J; with J; being finite; the “thermodynamic”
limit which was used in [@, @] to isolate the semiclassical spin wave states assumed that both J; and J; are
large but their ratio Ji/Jo (or “filling fraction”) is fixed. The present thermodynamic limit for semiclassical
states corresponds to Jo — oo with 1 < J1 < Ja.



the limit J, — oo and takes the universal form

E— Jy =/ J? + Mk% | (1.1)

where k is a constant depending on a particular solution. The same applies also to the
circular (S, J) solution of R3] from the SL(2) sector as we discuss in appendix B.

There are indications based on residual supersymmetry [, B suggesting that semiclas-
sical string solutions obtained in the above limit represent BPS states and thus their energy
formula should not receive string o/ ~ % corrections. In section 3 we shall compute the
1-loop string correction to the energies of folded and circular string solutions in the large

Jo limit using the methods of [13, B3J]. On general grounds, the classical energy (L)) of a
Ji

X
We find that the 1-loop correction to the energy indeed vanishes in the Jo — oo, Jq1 =fixed

classical solution may receive 1-loop string corrections of the form Ey = Ey(J1), J1 =

limit due to a nontrivial cancellation between the contributions of the bosonic and fermionic
fluctuation modes. This suggests (like in the near-geodesic or plane-wave cases, cf. [24-
Pd)), that here the superstring action expanded near the large-spin classical solution has
a hidden world-sheet supersymmetry (a remnant of target-space supersymmetry after x-
symmetry gauge fixing), but so far it has not identified explicitly.?

In section 4 we shall return to the discussion of the large spin limit at the classical string
level and present the general analysis of it using the integral equation [§] for the finite gap
solutions of the string sigma model on S3. We shall then comment on the infinite length
limit in the general Bethe ansatz equations on the gauge [fJ] and the string [Ld, 27, Y] sides
and argue that they become the same in this limit, i.e. the “dressing factor” decouples.

In appendix A we discuss some technical details of the computation of 1-loop correction
to the energy of 2-spin folded string solution in the SU(2) sector.

The same large spin limit applies also to other sectors of states and we illustrate this on
the example of the SL(2) sector in appendices B and C and pulsating solutions in section
4.4. In appendix C we also consider giant magnons in the SL(2) sector. It turns out that
these magnons have infinite £ — J as well as an infinite Lorentz spin S. This is caused
by the string reaching the boundary of AdSs. We show that there is a regularization that
gives a finite answer and give a possible interpretation for this on the gauge side.

20ne of the solutions for which we shall compute the 1-loop string correction will be the J; = 0
case of the Jo — oo limit of the folded string solution of [@, which is the same as the extremal limit
(VAN

of the single-spin folded string solution of [E] Its classical energy F — Jo = 2 may be viewed as a

Ji — 0 limit of E — Jo = 4/JZ + i—é describing bound state of 2 giant magnons with spin [E] In fact,
the corresponding quantum state from the SU(2) sector (i.e. the one dual to the BMN-type operator
Te(Z...ZWZ...ZW ...) should have J1 = 2, not 0. At the level of the classical solution (obtained within
the semiclassical expansion with A > 1 and J; = R fixed) one cannot of course distinguish between the

VA
J1 =0 and J; = 2 (or J1 =any finite number) cases, but one may question what happens at the quantum

level. Assuming that the relation £ — J; = ,/Jf + i—é is exact and setting there J1 = 2 we finish with

E*J2:2\/1+%:¥+07l -

s 0 .
5 T amE T The absence of the 1-loop order (v/A)° correction to
the J; = 0 solution is thus also consistent with this exact square root formula.



2. Large spin limit of classical string solutions on R x S

In this section we shall describe several classical string solutions in the infinite spin limit.
We shall consider strings moving in S3 part of S® in AdSs x S°

ds® = —dt* + d6? + cos® 0 dp? +sin” 0 dp3 . (2.1)

In general, a rigid rotating string configuration that we are interested in may be described

as a solution of Nambu action in a “static” gauge
t=7, 0=0(0), p1=wit+@1(0), 2 =wat + H2(0), (22)
and thus carries the energy E and two angular momenta J; ~ w;.

2.1 “Giant magnons” with spin

The “giant magnon” solution considered in [E] was an open string with ends moving on a
big circle? which had J; =0, E,Jy — oo with E — J, = % cos fp=finite. Here we shall
generalize it to the case of finite non-zero Ji, reproducing the energy formula first obtained
on the spin chain side as the energy relation for a bound state of J; giant magnons in [ffj*

A
E—J,= J12+Fsin2§, sing =cosfp . (2.3)

The same classical solution was independently found in [RI] using a relation to the sine-

Gordon model.® Setting

wy=w, wy=1, ¢ =-wyP(o), P2=(0), (2.4)

the Lagrangian £ of the Nambu-Goto action & = [ drL is then determined to be

E:\/—X/da\/D, (2.5)
2
where

D = (£ — cos? 0p% — sin? 093)[(0,0)* + cos® 0 (9, 01)? + sin? (D 2)?]
+ (cos® 0 19541 + sin® 0205402)°

or, explicitly,

D = sin? 0(9,¢0)* + w? cos? 0(9,1)? + (1 — w?) cos? 0(9,0)* — w? sin® O cos® O (Dyp + Op1))? .
(2.6)

3This solution is a also special case of string with spikes [E] on S° [@7 EI]
4We interchange notation for J; and J> compared to
®In conformal gauge, it can also be obtained as a solution of the generalized integrable Neumann model

1B



Varying £ with respect to ¥, we find the equation

. 4 22 2
i ( cos* 00,1 + sin® 0 cos 68(,@> _o, (2.7)
Oo VD
which clearly has
Oy1h = tan? 0 0, (2:8)

as a special solution. Substituting (R.§) back into the action, we find the reduced action
that determines the expression for 8 as a function of ¢

V1 — w2V
L= g
s

r2 4+ /2 r = sin, r

8%

(2.9)

Except for the extra v/1 — w? prefactor, eq. (P.9) is the same expression found in [f]; we
thus get a “minimal” generalization of the “giant magnon” to the case of w ~ J; non-zero.
The explicit form of the solution for 6 is thus the same as in [g]

sin 6,

r=sinf = —g+00§<p§g—00. (2.10)

cos

¢ then varies between § and 6. Then L reduces to

A
L= £ V1—w? sing, sing = cos b, (2.11)
s

where we have assumed that the momentum p of the magnon is related to 6y as in [
We can then derive from (R.§) and (R.9) the conserved quantities, the energy and the
two spins,

4+,r./2

2
Joa / T e
\/(1 2)(r2 +r'?)
2 [ wirt4r? 2.2

T T twr
2= / \/((1 - w?)(r? —|—7“’22
f VTEE

J1 = dy L. 2.12
V™ on VI—wZ 1—w? ( )

Here E and J are infinite, but their difference is finite and has the simple form

/ 12
E—Jy= \F St L ¢ (2.13)

V1—w? T 1 w?
Comparing (R.19) with (R.11), we find that
w NN P

Ji = —— —sin

V1i—w? 2’
and hence from (R.13) we reproduce the energy formula (R.3).

(2.14)



To complete the solution, let us find the dependence of ¢ on 1; integrating (R.§) and

using (R.10) and (R.14) gives

¢ = arctan (cot 6y tanh (cot 6y ©)) . (2.15)
It is also convenient to express # in terms of 1)
6 = arccos (cos 0y sech(cot 0y 1)) . (2.16)

At the ends of the string, tan ¢ = + cot 6y, therefore 1) — +o00. In other words, the string
wraps infinitely many times around the ¢ or ¢; direction. Note that as 8y — 0, ¢(1)
approaches the step function ¢(¢)) = Fe(1), while similarly (1)) approaches 0(¢)) = Ze(v)).
(We have continued 6 to 6 < 0 since ¢ jumps by 7 as 1 changes sign). This behavior will
be relevant when considering the folded string.

The discussion of finite gap solutions in section 4 below suggests that there should exist
also more general solutions representing bound states of n magnons with total momentum

p with energy

A o P J1 A oD
) a2 P 2
E—J,= \/J1 + FnQ sin” o = n\/( )2 + = sin . (2.17)

n

In the case of J; = 0 the special case of 6y = 0 or p = 7 and n = 1 corresponds to a string
that stretches through the north pole of a 2-sphere [J]. A combination of n = 2 of such
strings with total p = 27 and thus with £ — Jy = 2*@ is then a limit of a folded closed
string rotating on S? with its center at rest at the north pole and the positions of the folds
approaching the equator (6 = 7). Similarly, there exists an analogous J; — oo, p = n7w
limit of the folded (% times) 2-spin solution of [, [[§] with the simple energy formula found

(for n = 2) in [G°
E—JQ:\/J§+%n2. (2.18)
T

We shall review this limit and present the explicit form of the resulting solution in the next
subsection.

2.2 Jo > J; limit of the folded string solution

Another example is found as a limit of the 2-spin folded string described in conformal gauge
by the following ansatz (cf. (B.9), see also [[4] for a review)

t=rr, 0=0(c), Y1 = w1T, P9 = WaT (2.19)

where [{] (¢ = 0,6)

1 .
0" + 5?1}%1 sin 20 = 0, wa = ws — wi (2.20)

SThe Jo > Ji limit of the folded string solution of [ﬂ] was discussed (for n = 2) in appendix E in [@]
where the leading term in the expansion of the square root at J; > \/X was found.



where we assumed that ws > w; and for generality introduced the scaling parameter x.”

Then
02 = w, (sin? 0, — sin?4), (2.21)

where 6, determines the length of the folded string, i.e. —6, < (o) < 6,. The conformal
gauge constraint implies

K% =07 + wi cos? 0 + w3 sin? § = wi cos® B, + w3 sin? 6, . (2.22)

We shall consider the case of a single fold (the number of folds § is easy to restore at any
stage). The solution of (R.21]) can be written in terms of the elliptic functions [, [L3]

cos (o) = dn(wey 0, q), sinf(o) = /q sn(wa10,q) . (2.23)
2 2
(2 k™ —wy

= 0, = 2.24

q = sin  —a? (2.24)

The periodicity in o implies®

21 0

* do 2

2 = / do = 4/ , wa = —K(q) . (2.25)
0 0 wyp/sin?6, —sinZ6 m

The conserved charges are

" d 2 o 52 0df
E=VAk, Ji=VXIw / 99 s = Vawy cos (2.26)
0o 27 mw21 Jo 4/sin?6, — sin? 6
2 6 2
d AV * 0do
Jo =V wQ/ do 2 — 2V AW o . (2.27)
0o 27 w21 Jo /sin?6, — sin?6

The parameters wy, we and 6, can be determined in terms of J; and J (and )\).9 Let us
now follow [[5, ] and consider a special limit of this solution where J; > Ji, i.e. Jo — 00
for fixed Ji. As usual in a semiclassical expansion we assume that A > 1 and J; = J—l)\ is
kept finite. It corresponds to the particular case when the string is maximally stretched
in 6, so that its angular momentum Js around its centre of mass is maximal and goes to
infinity (while the momentum of its center of mass J; is arbitrary).

Let us now take the limit 8, — %,
conformal constraint (.29) implies that wy = k. Second, the periodicity condition (B.23)
leads to the conclusion that one must have wg; — oo. Indeed, in the limit ¢ — 1 we get

K(q) — oo, so that

i.e. ¢ — 1. Let us distinguish two steps. First, the

7T .
b= 5, a—1, le W1, K — 00 . (2.28)

“When w2 = w1 the solution is 8 = mo, where m is an integer. This is can be transformed [@] into the
circular rotating solution with equal spins J; = Ja. In the limit when J1,2 = oo it has E = Ji + Jo, i.e. is
equivalent to a BPS state represented by a point-like string.

s = (2 __da
Here K(q) = [, V1-gsin?a

9Combining the above equations one obtains the two equations that determine & = £(J1, J2), where

E=vVXE, Ji =VAA, Jo =V [ (%)2 - (%)2 = 4q, (ﬁf — (E{—;)Q =4



Figure 1: §(0) = arcsin[,/q sn(w210, q)], for ¢ = 0.99999999, —7 < o < 7.

If we do not impose the periodicity condition, we get a more general kink solution (see
(.34) below) which does not, however, represent a physical closed-string state.
Setting!®

w1 = KW, wor = KV 1 — w?, w<1, (2.29)

so that @1 = wt, @o =t, cf. (.4), we get from (R.21))!*
0 = +r\V1 —w?cosh . (2.30)

To illustrate what happens as 6, — i.e. as q approaches 1, one may plot the periodic

T
solution (o) = arcsin[,/q sn(wa10, q)]QWith o between —7 and 7 (see figurel). In the limit,
O(o) for —m < o < 7 becomes just a step function, like the one considered previously,
jumping from —% to +Z. It can then be periodically extended to all o, so that §' — Fo0
at 0 = —m,0,m,... and § — 0 at other points in agreement with (R.30). The energy of the

solution and J5 then approach infinity

9 ™
E— \/XK,: \/X 2 d@
av/1—w? )y cos?f

B 2V \ w 7= 2V \ %dﬁ sin2 0
- 2= 1 —w? Jo cos2 6

T V1—w?’
/ 4\
E—Jy=\/J? + = (2.33)

while E — Jy stays finite [f]]
Let us mention that if one formally relaxes the periodicity condition in ¢ and introduces

— o0, (2.31)

J1 — 00, (2.32)

the new spatial variable x = ko € (—00,00) which will be fixed in the limit K — oo then
the solution of (2.3() of the theory defined on a plane instead of a cylinder is

1
0(x) = +2arctan tanh(§ V1—w?z), T =Ko . (2.34)

01 order to have Ji staying finite in the limit K — oo we need to rescale wi.

4y = 1 thus corresponds to the BPS limit when 6 is constant.



This non-trivial solution (2.34) (which is not a limit of the periodic solution on a circle)
appears only in the exact scaling limit and describes a kink localized near z = 0.2

Let us mention that for w = 0 eq.(2.34) represents a limit of the solution in [B] in the
conformal gauge. The parameter 6 in [J] and in the previous subsection is formally related
to 0, by a T shift. Indeed, here the center of the string is at the pole (6 = 0) and its ends
(at +6,) approach the equator in the limit, while in the previous subsection the ends of
the string where at the equator from the start while its center was approaching the pole
as 6y — 0.

Another remark is that the energy formula (R.17) suggests the existence of more general
closed string configurations with J; = 0 for which p = 2M = with integer M

E— JQ == . |SiIl T| . (235)

The corresponding closed string solution describes a string with spikes 9] on S® and was
obtained in [BI]. It has

v1 =0, w2 =wT + Mo, O(oc) =0(c +27) . (2.36)

In the limit Jo» — oo, one finds that w — 1. For an arbitrary winding number M and
number of cusps n, the closed string is built out of n segments with ends on the ps-equator
of S? (with minimal value of § = 6, reached in the middle of each segment); all segments
combine to cover the 2w M distance along the equator. For M = 1, n = 2, one recovers
the folded string, or more generally, for M = 3 one gets 5-folded string solution for which
the string stretches between the opposite points on the equator passing through the north
pole in @ (i.e. in this case 6, = 7).

2.3 Jo > J; limit of circular string solution
The simplest circular 2-spin string solution on S is represented in conformal gauge by [2J]
(cf. (21).(2:2),E19)

t=kx1, 0 =0)=const, Y1 =wiT +mio, P9 = WaT + Moo . (2.37)

Written in terms of 2 complex combinations of embedding coordinates of S% into R* we
have

Xl — aleiwlr—l—imla, X2 _ a26iw2’r+imza’ |a1|2 + |a2|2 _ 1’ (238)
where a1 = costy, as = sinfy. The energy and two spins are

E=VXE, J,=V)\J;, E=r, Ji=dwy, (2.39)

where the equations of motion and conformal gauge conditions imply (i = 1,2)
w; = \/m? + V2, K% = QZa?w? — 2 Za?wimi =0. (2.40)
% %

2This solution of the sin-Gordon equation may be interpreted as describing a zero-energy particle that

goes from one maximum of the — cos®# potential to another in an infinite amount of “time” x (we have

6(0) =0, f(x = £o0) = £3).



This gives
2 _ [ 2 _ Ji  _
(2 (2 7 i

Here we are interested in the solution when Jo > J;. To consider this it is useful to fix
one of the two winding numbers to be 1 (it is easy to restore its general value at the end);
setting

mo = 1, mip = —m, j2 = mjl (242)
we should thus expand the above relations in large m at fixed J;. In general, the relation

between the spins and the energy is found by eliminating v from the following two equations

mJy N @2 =o/T5 Emd 2 AT . (243)

+
V1+1v2  V/m2+ 2
Expanding in large m we get from the first equation

2 2 9 277 2 1+ 3772 JPA+6J¢) 1 1
- - - — — 2.44
vi=m"J;{ + m+ Jq 1+ 727 + Vit 72 77 m + (m2) (2.44)

V14 J?

Then the second equation in (2.49) gives

1 7 1
Ezm:mj1+\/1+j12—%1+j12+O(W), (2.45)

so that in the strict m — oo, kK — oo limit we get (recalling that Jo = mJ)

E—Jy=1/J>+ ). 2.46
1

This is similar to the expressions (R.3),(2:33) found above for other solutions in the same
limit.

Let us comment on the form of the limiting solution. In the limit the string becomes
infinitely long (has infinite winding number m1) but has infinitesimal radius and its position
approaches 6y = 7. One can formally express the limiting solution in terms of the coordi-
nates on R x R instead of R x S' which one may keep finite in the limit K — oo, Jp — oo.
For mo =1 we get:

. —3 1 .
Xy = aeVIth Tt —ide Xy = age®t | t=kT, I =kKO, (2.47)

where the limiting values of the parameters a; are'3

Ji 1 — 0 a wl—iiﬁ
Q+IDVAVTR ’ oy/1+ J2 %

Restoring the dependence on the second winding number mo = k we get

E— Jy=/J? + k% . (2.49)

A similar limit exists for a circular (S, J) string in the SL(2) sector [2J]; we discuss this in

a) ~

1. (2.48)

appendix B.
A/1 2
131n general, for ma = 1 the constants a1, a2 can be expressed as 22 a? = %, a3 =
mA/mc+ve+4+4/14v
ma/m2 402

ma/m2+v24+/1+0v2 ’

,10,



3. 1-loop correction to the energy of folded and circular string in the
Jy — oo limit

In this section we shall perform a check of the exactness of the energy formulae for the
folded (P.33) and circular (2.46) solutions by computing their 1-loop string corrections and
showing that they vanish.

3.1 Folded string case

In appendix A we have presented some details of the computation of the bosonic and
fermionic quadratic fluctuation actions near the folded string solution (R.19) for arbitrary
J1, Jo, i.e. arbitrary parameter 6,. Here we shall specialize to the limiting case of interest
R.29): 0, =73, kK — oo.

Before getting into the more technical details of the computation let us sketch some
of its general features. For finite x the 1-loop correction to the energy is given by the sum

over characteristic frequencies, i.e., symbolically,

1 [e.9]
Elzﬁ Z Zcr\/nz—i—Mf, (3.1)

n=—oo r

where ¢, are multiplicity and sign factors, n is the discrete momentum on a circle o €
(—m, ) and M, are effective masses depending on parameters of the solution. The é factor
is the proportionality coefficient between the space-time and 1-d energy reflecting that
t = k7. In the large x limit M, will scale as M,. — kM, ; introducing p,, = = and keeping
only the leading order in Kk — oo one can then replace the sum over n by an integral over
a continuous momentum variable conjugate to spatial variable z = ko (see also [[J for a

discussion of a similar limit):

1 00 — 1
—— 2 2 —_
E, = 2/Oodp ET cry\/p? + M +O(K). (3.2)

The same result can be arrived at directly by introducing the x-rescaled variables as in
R.29) w1 = kw, t = kT, * = ko. Then the resulting quadratic fluctuation action can be
written as S = fdtiffooo dxL. .

In computing L and thus M, for the present case of the folded solution we should
remember to use the form of the solution as it appears in the large x limit of the original
periodic solution on a o-circle, and not the formal solution on an infinite line (2.34) that
exists in the strict scaling limit. In other words, 6(c) should be replaced by a periodic
version of the step function e(o) which is a large « limit of the solution (R.23).

Let us now consider in turn the relevant bosonic and fermionic fluctuations as they
appear in L. The AdSs fluctuations in (f£I]) have rescaled mass equal to 1, and the masses

of two decoupled S° fluctuations in (f£G),([E4) are be given by

M2 =—-A=1-2(1-w?)cos?’f, A=r*A. (3.3)
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The Lagrangian for the remaining three S® bosonic fluctuations (f.11)) takes the form (here
f'=0:f, f=0f)

I T P _ _
L= |+ + 15— == 5 = MP(r* + [7) = M3 f3

+ 4(wsin® f; —cos fa)n|, (3.4)

M? = (w?* —1)cos 26, M2 = (w? = 1)(1 + cos 26) . (3.5)

As already mentioned above, (o) should be replaced by the periodic extension of the step

function Fe(o) at —m < o < 7. To leading order in large x one may formally replace it by

5e(x) 14
- 1, >0
0(x) = 56(36), e(z) = {0, x=0 (3.6)
-1, z<0

Thus 6 is essentially constant for z > 0 and for z < 0 (i.e. the string is close to a point-like
geodesic state).'> Then

0, z#0

. 3.7
1, z=0 (37)

sinf = e(x), cos =1—é*(x) = {
If we ignore the contribution of the point x = 0, !¢ we find that the mass (B.J) of the two
decoupled S° fluctuations becomes equal to 1, and that fo in (@) becomes massless and
decouples. We are left with the following Lagrangian for n and f;

= 1. : .
L= =0+ fi = f+ @’ =)0 + f7) + 4w6(90)f177] : (3.8)
Using that €2 = 1 away from the point = 0, we end up with the following characteristic

frequencies (conjugate to time variable t)
w=tw+V/p?+1, (3.9)

where p is a continuous 1-dimensional momentum corresponding to the x-direction. We
explain the derivation of (B.9) in detail at the end of appendix A.

Let us now consider the fermionic fluctuations in (f.16),(.20), where we set wo = &
and rescale the coordinates by . We shall also use that (.3() implies 8/ = +v/1 — w? cos 6,
0" = —(1 — w?)sin @ cos §, where here and below prime stands for 9, (and dot for 9;). To

M\More precisely, one needs also to include step functions at +oco. It turns out that contributions of
isolated points, such as * = 0, =00, may be ignored when computing the spectrum.

15 This limit of the folded solution written in cartesian coordinates is X; = [1 — €?(x)]e™*, Xz = e(x)e™,
so that the size of the string shrinks to zero in X; plane apart from z = 0 (and z = +o00). This is similar
to what was found in the case of the circular solution (P.47).

16 A qualitative reason why one can ignore the contribution of this single point is that we are computing an
extensive quantity and the coefficient function in the corresponding differential equation for the fluctuations
is finite at this point (i.e. this is different from, e.g., a delta-function potential case).
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simplify the fermionic operator Dp in ({.20) we perform the rotations in the (89) and
(08)-planes:

1
sins = —sinf, coss= v cosf, (3.10)
u u

1 1 ~
_ _=sl'gl'g _=vI'gl'g
¥ =e2 e2 i,

1
u = tanhv = V/sin2 0 + w2 cos? 6, coshv = ———— (3.11)

V1—wZcosf

Then Dg becomes

Dr =TV 1 —w?cos00; — 0'T70, + ub'Ty7sT1934

/1 a2
+ wao cosf |1 —w?sinf(—ul'g+ I's) + wly|T'7 (3.12)
U

w

w
709 -
2u2v/1 — w? cos 0 2uv/1 — w? cos @

If we further do a rescaling of the fermionic variable, introducing

1
+ 0/2(% tand I'g — Fg)r7g + '

0=V, Lp = —2ik®@Dp0O , (3.13)
we obtain
~ w
Dp = 4T'g0; — 70, F ﬁfﬁsg +ul'o781'1234 (3.14)

where the upper signs correspond to x < 0, while the lower sign to z > 0 (they come
from 9,0 = £v1—w2cosf). Since I'%,5, = 1, we can restrict to subspaces satisfying
F1234@ = +0.

Let us now specialize to the relevant case when 6 is replaced by the step-function (B.g).
Ignoring again the contribution of the x = 0 point and using that then v = 1 for x < 0,
and u = —1 for z > 0, we get

N w
Dp = +T'00y — 70, F §F789 + Tors - (3.15)

Computing the determinant of this operator (now having constant coefficients), and solv-
ing the resulting characteristic equations on either side of x = 0, one finds that the cor-
responding frequencies are similar to (B.g), i.e. the are essentially the BMN ones up to a
w-dependent shift,

w:i%i P2+l (3.16)

Combining the contributions of all modes to the 1-loop shift of the energy (taking into
account proper sign factors in ([£21)) implying that the w-dependent shifts in (B.9) and
(B.16) drop out) one finds that, just as in the BMN case, the 8 non-trivial bosonic mode
contributions cancel against the 8 fermionic contributions, therefore, the 1-loop correction
to the energy vanishes,

E1=0. (3.17)
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3.2 Circular string case

Let us now perform a similar computation in the case of the large spin limit of the circular
solution discussed in section 2.3. The bosonic fluctuation Lagrangian near the circular
solution with generic J71, J> was found in [@] In addition to 4 AdSs massive fluctuations
with mass  there are 2 free fluctuations (corresponding to the X3 direction of S®) which
have mass v. Using (R.44)) and rescaling the coordinates by k as above, we end up with the
corresponding characteristic frequencies, given in the x — oo limit by the same expression

w==+vVp2+1. (3.18)

The remaining 3 coupled S° fluctuations in general are described by the following La-
grangian [27]

1. . _
L= §(f12+f22+9§— 12— 12— g5) +2(aowy fL —arws f2) g2 — 2(aoma f1 —arma fo) g5 (3.19)

Setting ms = 1, m; = —m and rescaling the world-sheet coordinates by xk = mJ; — o0

(see (2.45)) we end up with the following analog of (B.4)

_ 1 . . i .
L=t +f+d— 7= = 05) + 20 iV 1 +9° + 29021, (3.20)
y=J7". (3.21)

fo thus decouples in the limit and becomes massless. The non-trivial characteristic fre-

quencies are then found to be

w2 =V1+7PEVp+7)2+1, wiu=-V1+2EV/(p-7)2+1. (3.22)

Interestingly, while the circular solution is unstable at finite J5 [BZ], it becomes stable in
the present limit, i.e. all characteristic frequencies are real.
The fermionic fluctuation Lagrangian for the general circular solution with two unequal

spins was found in [BJ (see also B4]). In the notation of [BJ

. AL 0
L =2i YDpd, Dp = _ ®1 (323)
0 Ag,
A =50, F Wa"? £ Qa3 (3.24)

where o#, o# are 16 x 16 gamma matrices in ten dimensions and a = 0,1. Here

o a1a2 2_ 2
= QMWﬁ(ml m3). (3.25)

One can compute the characteristic frequencies from the following determinant

sza%(m%—i-uQ)—i-a%(m%—i-uQ), MQ:a%m%—i-a%m%, Q

detAF = (93 — 01)2 + 2W2(93 — 97) +2Q* (O + 0%) + (Q* + W32 =0, (3.26)
In the large x limit one finds

W2:/<62+"', M2 = Ry 4. Q2:—’y/§+--- (3.27)

V1+92
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After the rescaling of world-sheet coordinates we get from detAfﬁ = 0 the following

fermionic characteristic frequencies (with 4-fold degeneracy)

1
w==+/(p* 57)2 +1. (3.28)
Collecting the resulting bosonic and fermionic frequencies and observing that after the
rescaling of 7 by k the 2d and space-time energies are the same, we finish with the following

expression for the 1-loop correction to the energy!'”

E1:%/OO dp [6\/p2+1+\/(p+'y)2+1+\/(p—’y)2+1

1 1
— 4\/(29—{—5’)/)2—{—1—4\/(])—5’)/)2—{—1} : (3.29)
This integral is convergent, and evaluating it directly one finds that it vanishes,
Ei=0. (3.30)

It is interesting to note that this vanishing is due to a non-trivial cancellation between the
fermionic and bosonic contributions. Indeed, if we shift the fermions momentum in (B.29)

by 7, the resulting integral is still convergent,

I(%T)E%/_Oodp [6\/p2+1+\/(p+7)2+1+\/(p—v)“rl
- 4\/(p+7°)2+1—4\/(p—7“)2+1]:72—47“2. (3.31)

However, it vanishes only if r = %7 as in (B.29), suggesting the presence of hidden 2d
supersymmetry in this problem.

The generalization of the above expressions to the case of non-trivial second winding
number mo = k can be found by replacing v = jl_l — k:jl_l; this does not change the
conclusion about the vanishing of the 1-loop correction to the energy in this limit.

4. Infinite spin limit and bound magnons in integral Bethe equations
In [§ it was shown how to generate classical solutions for strings propagating on R x S3
and compare the results to gauge theory predictions using finite gap equations. In this
section we will discuss the scaling limit and solutions of [P, [, R1] and section 2 using this
formalism.

This will then allow us, in particular, to argue that gauge theory and string theory

predictions should match in this limit.

1"Upon using the signs factors from ) for the contributions of the frequencies ( one finds that
the p-independent parts of them cancel out.
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4.1 Classical finite gap equations for a string on R x S3

Let us first summarize the results of [§]. The string sigma model action on R x S? in
conformal gauge can be written as

S:—%g mw[4m#+%ﬂwg, (4.1)

where j, are the right currents which are written in terms of the SU(2) group element G
as j, = G 10,G = £jilo. The equations of motion that follow from ({1) are

O4j- +0-j+ =0, 04j- —0-j+ + [j+,5-1=0, 040-t=0, . (4.2)

We can also define the left currents [, = G jag*1 =0,GG 1. The charges coming from the

third component of the left and right currents are
A A
Q%:Z—_/dalng2+J1, Q%:Z—_/dajS:JQ—Jl. (4.3)
T T

A solution for ¢ in () is t = k7, and so the string energy E is given by

_\/X 2w

E = -
2 0

do 8t = VXK. (4.4)

We can now set up a pair of linear equations that are satisfied provided the string equations
of motion are satisfied:

g J+ J-
8, + L _ W0,
o (2]

g J+ J- 9 _ A
P U= = . 4.
[aTJr ﬂﬁ(—\%—x—i_—\%—iﬂ()} 0, T =3 (45)

where x is a spectral parameter (not to be confused with the spatial coordinate used in

the previous sections). The first equation can be integrated to give the monodromy matrix
(given by path-ordered product)

2n g J+ J
Q =P d — - . 4.6
() exp/o NG <—\%—X —55+X> (46)

Because of its unimodularity Q(x) has eigenvalues e

+iP(2) and satisfies the equation

TrQ(x) = 2 cos P(x), (4.7)

where P(x) is the quasi-momentum. It is clear from the Virasoro constraints

Lo 1o o 2
ETrJJr = §T1“j7 = —K", (4.8)
and (JL.6) that P(x) has the pole structure
E/4 g
Px)=-——"F+ (x—F%) (4.9)
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The asymptotic properties of P(x) are determined by the charges Q1 and Qg. For large

x, P(x) behaves as
Jo — Jy

P(x)=— 5 + .- (x = 00). (4.10)
X
For small x, using ©(0) = 1 and expanding about x = 0, one finds
Jo+ J
P(x):Qﬂm—l—%x—i—--- (x —0). (4.11)

Here m is an integer, which follows from the periodicity condition in o for a closed string.
We will refer to 2rm as the string momentum, and this can be thought of as a level
matching condition on the string.

Since P(x) is not single valued, there can be an interesting singularity structure in
the x complex plane. There are two types of singularities that we can have. First, there
can be branch cuts along contours C; where two eigenvalues of the monodromy matrix are

interchanged on either side of the cut, up to a factor of 27. Hence,
P(x+1i0) + P(x — i0) = 2mng, x€Cy. (4.12)

We can also have singular points in the complex plane such that P(x) jumps by a multiple
of 2w when transported around the singularity. These singularities will pair up such that
P(x) jumps by a multiple of 27 when it crosses a contour between the two singularities.
We call this contour a condensate and label condensate j by B;.

Because of the cuts Cp, the spectral parameter space becomes a two-sheeted surface,
with the singularities in ([.9) appearing on both sheets. It is convenient to define the
resolvent G(x)

G(x) = P(x) + ?49 + E/4g , (4.13)
X 5 X—%

which is free of these poles on the top sheet. Hence, on this physical sheet, G(x) can be

Z/de“” +Z/d’}f_x (4.14)

where p(x’) acts as a density along the cuts and condensates. The density along a con-

expressed as

densate is readily determined to be p(x’) = —in; if X’ € B;. Along the cuts, the condition

in ({.12) can be reformulated as an integral equation for the density

/
E
G(X+i0)+G(x—i0):2][dx’ P) _ XE o xec (4.15)
x—x  x2—g2%/2

The asymptotic behavior for large and small x in ({.1() and (4.11) leads to the conditions

E—Jy,—J
[axpt = n+ =220
/dx—p(x) = 2mm,
X
(x) E—Jy,—J;
/dx oaie 72 . (4.16)
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We can then rewrite the integral equation in ({.15) in terms of the inputs J; and Jy as

y P) Cx(Sit ) o ;P
2deX—X/_X2—92/2 +gX dX m+2ﬂ'nk, XGCk; (417)

This integral equation [J§] is normally the main tool for finding string solutions, but we will

see that it is not relevant for solutions made up only of giant magnons!

4.2 Infinite J limit and matching to asymptotic spin chain Bethe equations

Eq.(17) can be compared to the integral equation that follows in the “thermodynamic”
(J1,J2 > 1, % =fixed) limit [§, [[J from the proposed asymptotic Bethe ansatz on the

gauge theory side [

p(x) _x(h+J2) | o / ;)
2 4 dx = dx' —————— +2 €Cy. (418
][ S —— - )2 +g°x X)Q(/()Q(/—QZ/Q)+ ™y, x € Cp ( )
In general, the two equations (f.17) and (f.1§) do not match starting with “3-loop” order
implying the need to introduce an extra “dressing factor” into the spin chain Bethe ansatz

).

If we now consider the scaling limit in which £ and Jo become infinite, but their
difference £ — Jy as well as J; stay finite, then it follows from ) that the second
term in the r.h.s. of (f:17) which was the cause of difference between ([L.17) and (f.13) is
vanishingly small compared to the first term. This also implies that the l.h.s of () is
negligible, and hence ny must be infinite. As a result, the cut must have shrunk to a point.

In general, the above integral equations should receive also contributions from string
loop corrections [R7, B§. The 1-loop correction to the dressing phase considered in [R§]
produces extra contributions to the r.h.s. of the integral Bethe equation (4.1§), but it is
easy to see (e.g., from eq. (10) in [2§]) that it is negligible in the present limit. This implies
that the predictions of the asymptotic “undressed” gauge theory Bethe ansatz of [[] and
full string Bethe ansatz should agree in this limit.'®

4.3 Giant magnons and their bound states as finite-gap solutions

Let us now consider some simple solutions of equations ([E16) and (f.17) in the infinite
Jo limit. We start with solutions made up only of condensates and no cuts Cr. Without
cuts we can disregard eq. (f.17) and the condensates, whose contribution to the energy,
spins and string momentum is additive, can be treated individually. The periodicity of the
closed string forces the total string momentum to be an integer multiple of 27. However,
the momentum p from an individual condensate need not satisfy this condition as long
as the total momentum coming from all the condensates that make up the closed string
solution does satisfy the condition.

Hence, we may formally consider the case of a single condensate only, remembering
that the final physical closed string solution will be made up of more than one condensate.

¥This conclusion is consistent with the discussion in [E] where bound states of ginat magnons where
interpreted as poles of BDS S-matrix; it was assumed that the dressing factor does not introduce new
poles.
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It is useful to introduce a different spectral parameter y which satisfies y = x+ % [B]. Then
the equations on p in (f.16) become

/dep(y) =Ji,

/ ay ply) »
B \y?—2g% ’
v Ply) —E—Jy—Jp. (4.19)

YV y? — 292 + 4% — 242

In order for the momentum and the energy to be real we also require that the end points

of the condensate be complex conjugate to each other. Assuming that p(y) = —in, we
see from the first equation in (f.I9) that the end points of the condensate are yo =+ i.J1 /2,
where yg is to be determined. If we interpret p(y) as a density of Bethe roots, then the
contour would naturally be chosen to be a straight line along the imaginary direction in
order that dyp(y) is positive real. However, because of the square root in the second and
third integral equations, there is a branch cut between ++/2g and so there is an ambiguity
in how one chooses the contour. In particular, if we substitute this density into the second
equation, we find the relation

i J1/2 — 2
arccosh <M> — arccosh < 0 — I/ >

where one can see a sign ambiguity in evaluating the arccosh. If we momentarily set J; = 0,

~.
SES

(4.20)

then one can have the solution yy = v/2¢ cos %, assuming that the end points are evaluated
on opposite sides of the cut, which requires the contour to go outside one of the branch
points. Otherwise, there is a solution only if p/n is a multiple of 2. The more general

J1 4
2 — t2 4.21
Yo \/g cos? +<2n> cot? o -, (4.21)

where one finds that a straight-line contour is possible if

solution is

p p
J > 2 — tan — 4.22
1 V2gn sin 5y tan o (4.22)

If we start with J; satisfying this bound and smoothly decrease the value, one will see
that the contour starts deforming once Jy is less than the bound. Even as J; — 0, we are
still left with a nontrivial contour. This is demonstrated in figure 2 where we show three
contours with different values of J; and fixed p.

Finally, performing the final integral and putting in the value for yo in (.21), one finds

2
E—Jy= n\/<£> + 892 sin? A , (4.23)
n 2n

which is the same as (R.17). The case with n = 1 corresponds to a single magnon with spin

B]. Other values of n represent bound states of n magnons with the string momentum p
and S% angular momentum shared equally among magnons.
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O

Figure 2: Condensates for three different values of J;. As J; — 0, the end points of the contour
approach the cut.

We can also derive similar relations directly from the discrete BDS Bethe equations.
These equations for the Bethe roots y; are [J]

. J
(X(yj +1i/2) > Stz 1—1 Y —ykti (4.24)
x(y; —i/2) o L

where x(y) = (y + v/y% — 2¢%)/2. In the limit where J; — oo, there can be Bethe string
solutions, where a string is made up of J; roots situated at y; = yo +(J1 +1 —2j)/2 with
j=1,...,J; and yg real. The momentum contribution of a root satisfies
x(y; +1/2)

x(y; —i/2) "

and so the total momentum coming from a Bethe string is

ePi = (4.25)

Ji

ip =3 [Inpx(yo + (2 +2 = 29)/2)] — Infx(yo + i(J1 — 2))/2)]]
j=1

= In [x(yo +iJ1/2)] — In [x(yo — i.J1/2)]

1 J1 /2 —iJ1/2
= arccosh <M> — arccosh <u> , (4.26)
V2g V2g

which matches (f.2() when n = 1. Likewise, E — Jy — J; is [f]]

1
E—Jy— ] :1922< (yj +/2) x(yj—i/2>>

= ng< ! - ! ) . (4.27)
x(yo +iJ1/2) X(yo —iJl/Q)
It is straightforward to show that this is the result for the third integral in (f.19) when
p = —i; thus we get ([.23) with n = 1. More general values of n are obtained by increasing
the density of the roots.

In appendix C we will derive an analogous equation for the SL(2) sector. The other
rank one sector, the SU(1|1) sector, which is equivalent to free fermions in the one-loop
approximation, does not have the poles and zeros in its S-matrix [, [l] to build up (bound
states of ) giant magnons.
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4.4 Finite-gap solutions for large spin limits of circular and pulsating strings

One interesting application of this discussion is a limit of the circular string solution of [2J]
considered already in section 2.3. Here we have nJ; = mdJs, so that Jo — oo with finite
Ji corresponds to holding m fixed as n — oo. In [[13, f] it was argued that these solutions
correspond to single-cut configurations and so G(x) is an algebraic function

L 1 1
LT —-1/2 1 — ) 1/2
_|_Z|:( +€)g _|_( 6)g :|‘/CLX2—|—bX—|—C—7T’I’L,
where L = J; + J5 and with €, a, b and ¢ to be determined. In order to cancel the poles,

a, b and ¢ must satisfy 1 = 92—2 a+c b= ? € while matching the asymptotics gives

O B O ) R e Tt

In the limit n — oo, one finds

e _Yom po _ dmm (4.29)
VIE+m2A VIE+m2A
1 (4mm)? 1 m2\

a = — ) c=3 ’
2 J2+m2PA+ Ji/JE+ m2A 2 2+ m2PA+ Ji\/JE+ m2X

where we used the fact that L/n = J;/m in the limit when L and n both approach co. In
this limit the cut shrinks to a point with support at x = xg, where

1 , g° 1
=——(/J? AN+ J €. = = = ——/J? 2)\. 4.30
0= Yrm ( prmiAT 1> Lo Wo=xo 2xg  2mm V1 m ( )

As the cut shrinks to zero length, the density approaches p(y) = J16(y — yo) and so E — Jy
approaches the same value as in (.49) (with & in (.49) replaced by m in the notation of
the present section)

J16(y — yo)
E—J2=J1+292/dy =\/JE+m32\. (4.31)
YV y? — 297 + y? — 242 !

Note that ([£30) and (f.31)) are precisely the limiting values of, respectively, (£.21) and

(#.23) in the limit n — oo if p = 2wm. In other words, this limit of the circular string can

be interpreted as a bound state of n magnons with each magnon having 1/n of the total
energy and momentum.

One can also give a similar interpretation to the limit of pulsating string solutions
discussed in [Bg, §, Bf]. The corresponding state is outside the SU(2) sector on the gauge
side but is still described by finite gap equations for a string on R x S3. We can write the
ansatz for the pulsating string solution in terms of the complex coordinates X; and X9 as

(cf. (:39))
X, =sinf ™, Xy = cosf €%, 0=0(r), p=wp(1). (4.32)
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This ansatz corresponds to a circular string wrapped m times and with its center of mass
moving along the ¢ direction with momentum J, and which is pulsating back and forth
along 6. The string equations of motion lead to

; J
$= 7\/} 020 (4.33)
which applied to the conformal constraint gives
k2 = 0%+ m?sin? 0 + L . (4.34)
Acos2 6

If we now assume that J/vA > 1, and m > 1 with m/J fixed, and further assume
that 6 < 1, the pulsating becomes harmonic and the constraint equation (4.34) is well
approximated by

E2 _ J2 . 2
% = 0% + <m2 + %) 62 (4.35)

Further assuming that £ — J is held fixed and following the analogy with the standard
harmonic oscillator quantization (¢ = hwN where here w? = m? + JTQ) we find that

mN\?2
F—-J= 5 A+ N2, (4.36)

where N is the oscillator mode number which must satisfy N < J in order that 6 < 1.
The result (f.3G) can also be reproduced from solutions of the finite gap equation in [§].

In [f] it was shown that the resolvent arising from the pulsating solution is

1 1

G(x) = 5)(2_792/2

(Ex + \/ [27m(x2 — ¢2/2) — Jx)> + (E? — J2)X2> —mm.  (4.37)
This resolvent clearly has four branch points and two cuts. If we now take the limit
E,J — oo with E — J and J/m finite, then the two branch cuts each shrink to a point at

1 ? 1 ?
b'e [ii <i> —i—)\}, ie. y=+t— <i> +A==%y. (4.38)

:Em m 2 m

Hence, the solution has reduced to two zero length condensates which are images of each
other. The densities along the condensates are opposite to each other so that J; = 0. Each
condensate contributes half the oscillator number, so

N

o) = 5 (5 = v0) = 8y +0)) (4.39)

The total momentum in ({.19) must be zero, which means we should choose the branches
(£y0)? — 292 > 0. Finally, the third equation in (f.19) leads to

g N B N
TNE + 2/ +2 (£ = Z/(L) +
m 2
- N (7) A, (4.40)
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(@) (b)

Figure 3: Condensates for strings made up of two giant magnons. (a) is the limit of the folded
string and (b) is a pulsating string. The arrows represent the sign of the density while the dashed
line in (b) indicates that the condensate is on the lower sheet.

reproducing ([.3€).

We can also work backward and find giant magnon solutions in the pulsating sector.
These solutions would correspond to condensates of equal length and opposite density
with total oscillator number N/2 on each condensate. If the density is given by +n on each
condensate, then the computation goes through exactly as for the SU(2) case, but with J;
replaced by N/2 and Jy by J. The two condensates have momentum +p, so one finds

N\?2 A oD

We can reduce this to (£.36) by taking n — oo and identifying p = mNn/J.
In figure 3 we show the contours for (a) the limit of the folded string and (b) the

analogous configuration for a pulsating string. The distinction between these two cases is
that the folded string has both condensates on the same sheet, while the pulsating string
has its condensates on different sheets. The string motion in (b) can be viewed as follows:
for half the string, say from 0 < ¢ < m, the configuration is exactly the same as the limit
of the folded string, with the string having constant angular velocity along ;. On the
other half of the string everything is the same, except the angular velocity along ¢ is in
the opposite direction. Even though the separate halves are rotating in opposite directions
in (1, the string is continuous since the two halves are attached where cos @ = 0. Thus,
the string oscillates between a folded configuration and a circular configuration twice every
revolution in ¢j.

In appendices B and C we shall also discuss similar solutions in the SL(2) sector.

While this paper was in preparation we learned of an interesting forthcoming paper
[ that discusses the finite J generalization of the giant magnon solutions of [@, .
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A. Fluctuation Lagrangian near the folded string solution

A.1 Bosonic fluctuations

Our starting point will be the general form of the 2-spin folded string solution discussed in
section 2.2. We shall consider the conformal gauge.
Since the string is not stretched in the spatial AdSs directions (with the metric ds? =
1,02y2 . -
i;é; dt>+ (1df’“;é’“)2) their fluctuations ¢t = k7+t, (& = 0+(, kK = 1,2, 3,4 are governed

N
(

by
L= 5[~ @) + (0G0 + K3, (4.1)

i.e. we get one massless fluctuation and 4 massive ones with the characteristic frequencies
w = vn?+ k2.

To consider the S° fluctuations we shall follow [R3, B7] and use complex embedding
coordinates in terms of which the S® Lagrangian is

1 1
L= —§8aXi8“X;k + EA(XZ'X;-k -1), (4.2)
and the classical solution is
X; =cosf(o) €17, Xy =sinf(o) ™27, X3=0, (4.3)

so that the classical value of the Lagrange multiplier is

9 9 sin® 6 9 9
A = 0,X;0°X] = =2(k” —wy)——5— — 2wi + K" . (4.4)
sin“ 6,
Introducing the fluctuations X; — X; + 5(@ one gets
5 R T 3 N 5
L =—5 0.X:0°X] + SAXX], z;(xixg‘ +XiX;) =0. (4.5)
1=

X3 has no classical background and thus decouples, i.e. its equation of motion is
X3 — 03X3 — AX3 =0, (4.6)

where A = A(0).
The remaining 3 independent fluctuations are coupled. Let us define

Xy =" (g1 +if1), Xo=e"T(g2+1ifa), (4.7)
where the constraint in (fL.5) implies

g1cost + gasinf =0 . (4.8)
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Then

S O P
L= RHB+ R+ —90 =g — =+ wi(ff+97) +ws(gs+ f3)

— dwy frgn — dwa fogo + AT+ f3 + 91 + 95) (4.9)
We can simplify this by introducing
& =g1cos0 4+ gasinb, n=—gy1sinf + g, cosf, (4.10)

and ([L.g) implies that 7; = 0. The fluctuation Lagrangian for fi, f,7 then becomes

- 1T7. .
L= =gt g+ =P M = MRS - D33

2 _ .2 20
+ 4(wy sin€ f; — il .wl C8 T cos fg)n] , (4.11)
sin 0,
where 29

M2 = — (k% — w?) 2222 412
n (’% wl)Sin2 9*7 ( )

sin? 0 26
M= (2w (1-222 ) MZ=—(2—wd)(1+ 220 (4.13)

sin® 0, sin“ 6,

and we used the explicit form of wy from (2.24).

A.2 Fermionic fluctuations

The quadratic part of the AdSs x S® superstring Lagrangian evaluated on a bosonic solution
has a simple form (see [[], [3, [, B3] for details)

Lp=i (naba” - eabs”) W paDy 0’ | pa=Tacl, et =ENX)OX", (4.14)

where I,J = 1,2, s!/ = diag(1,—1), p, are projections of the ten-dimensional Dirac ma-
trices and X'* are the coordinates of the AdS5 space for u = 0,1,2, 3,4 and the coordinates
of S° for 1 = 5,6,7,8,9. The covariant derivative is given by

D! = (6”Da — %euf*pa> 97, I, =iloio34, I7=1, (4.15)

where D, = 0, + %waFAB, wa = 8(1/1’“wa. Fixing the k-symmetry by the same

condition as in BJ] 9! =92 =9 one gets
Lp=—20Dp0, Dp=—p"D,— %eabpaf*pb . (4.16)
Labelling the coordinates as follows:

p: 01234 56 78 9
Xt p o d1 p2 v w3 0 o1 o (4.17)
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we find that in the case of the folded solution that the non-trivial components of the Lorentz

connection w2? are
w§' = —w; sinb, W)’ = wocosh . (4.18)
For p, we find
po = kg + wy cos OT'g + wo sin ATy, p1 = T70' (4.19)

The operator Dr becomes

Dp = (HZFQ + wy cos O'g + w9 sin 01“9)60 — F79/31
1
— 5(/41“0 + wy cos Ol'g 4+ wa sin OT'g) (w sin OT'g7 — woy cos Olg7)
+ 0'(wy cos OT'g + wy sin OT9) 71234 (4.20)

In section 3.1 we shall consider the special limit of this operator when 6, = § and x — oco.

A.3 Some details

In the main text we also use the general expression for the 1-loop correction to the energy
in terms of the bosonic and fermionic characteristic frequencies [B7]

8 o 16
1 1 A A ) )
By = —Fy = o [Z (b —@fo) + D> (wffn - wfnﬂ , (4.21)

p=1 n=1 I=1
o = (O, ar = sign(C o, )

1 1
CB — , C(n) — ’ (423)
P 2man(wp0)wpo [ (@i o — w5o) LB my(wrn) Tlyer(@Win — win)

where m17 is a minor of F', i.e. the determinant of the matrix obtained from F' by removing
the first row and first column, with F' being the matrix entering the equation detf =
0 for the characteristic frequencies. This matrix satisfies the condition FT(wj,,n) =
F(—wyn,—n) (see BT for details).

Let us also explain how one arrives at eq.(B.9) of section 3.1, and, in particular, why

one can indeed ignore the contribution of the x = 0 point. From (B.§) we get

fi—f1 = (w? = 1) f1 + 2€(x)wn =0, (4.24)
i—n" — (w? = 1)y — 2e(x)wf; =0, (4.25)

and looking for solutions f; ~ A(z)e™!, n~ B(z)e™! we get
A"+ (WP +wr—1)A—2iwwe(x)B=0, B+ (w?+w?—1)B+ 2iwwe(z)A =0 (4.26)

Combining these two equations we get a 4-th order differential equation for A, which (after
using that 6(x)e(z) = 0) becomes

2(x)[A" + W2 A" + (w? — 1)A"] — 4e* (2)ww? A + §(z) (W2 A + A" + (w? — 1)A]
+ () (W? + w? = D)w?A+ A" 4+ (w? —=1)A] =0 (4.27)
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We can solve this equation for < 0 and z > 0 with the ansatz A ~ ¢P* and obtain the
characteristic frequencies (B.9). Notice that the equation (4.27) contains a delta-function
term which signals a discontinuity at the origin. Integrating ([£27) near x = 0 and taking
the interval of integration to zero we find that the only non-vanishing term is

w?A(0) + A”(0) + (w?* —1)A(0) =0 . (4.28)

One can see that one cannot have the solution A ~ e®® valid at the origin since the
frequencies (B.9) do not satisfy equation (f.2§) unless w = 0. To satisfy ([£2§) also for
w # 0 we need to have A(0) = 0. This shows that A(x) is discontinuous at origin.

Therefore, one can just ignore the = 0 point and thus obtain (B.9).

B. Large J limit of circular (S, J) solution in the SL(2) sector

It is straightforward to perform the analog of the analysis of sections 2.3 and 3.2 and
consider the J > S limit of the circular 2-spin solution in the SL(2) sector 3, B7. One
finds again the square root formula for the classical energy similar to (R.46) and also that
1-loop correction to it vanishes.

B.1 Limit of classical solution

Let us start with a review of the solution [R2, B7] describing circular string which is rotating
both in AdSs and in S°. In terms of complex combination of embedding coordinates one

has
YO =7 eim— , Yl = eiWT+im0’ Xl — einJriko, Y2, Xg, X3 —0 (Bl)

ro = cosh pg , r1 = sinh pg , 7"8 — 7"% =1. (B.2)

Here pg is a constant radius of the circular string in AdSs, k and m are the winding
numbers, and w and w are rotation frequencies of the string. From equations of motion we
have

w? = k2 + m?, w? = v? + k2, V2 = —A, k2 =A, (B.3)

where A and A are the Lagrange multipliers for the embedding coordinates. The energy

and the two non-zero spins are
E=VX=VMik, S=VAS=VMiw, J=VAI=Vw, (B.4)

and the conformal gauge constraints imply

26E — K2 = 2/ K2 + m2S + J* + k2, (B.5)
mS+kJ =0, (B.6)
while (B.9) gives also
£ S

1. (B.7)
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Eliminating » from (B.5) and (B.7) one finds & = (S, J,m).
Let us now consider the special limit when J — oo with & and k being fixed and
negative (this implies m > 1). Then & is also divergent but £ — J is finite. We get

we Lo Lol (B.8)
Tk V2t 2 T '
S? 1 S 1
_ R _ o B.9
Wy N syAyT (B:9)
Sk?
_ Y . /12 2 B.1
W= ) +k:2—|—82+ (B.10)

and finally in the limit of J — oo
E—J=vV524+k2)\. (B.11)

B.2 Vanishing of 1-loop correction to classical energy

Let us set k = —1 for simplicity. For generic J and S the bosonic and fermionic fluctuation
frequencies were obtained in [B7]. There are 4 real free massive fields with mass v, for
which in the limit (and after the rescaling of the coordinates t = k7, * = ko) we get
w = £4/p? + 1. There are also two free massive modes with mass x, which in the limit has
the same frequencies. The remaining coupled fluctuation Lagrangian in the large m-limit

reads (cf. (B.4))
— 1 . 12 . ’ . / . / -
L:§<ﬁ—1%u%—ﬂf+ﬁ—ff+eﬁ4#>—mﬂ+34ﬂeﬁnﬂeg(Bm)

where Fy, F1 and G are fluctuations in AdSs5 directions. The non-trivial characteristic
frequencies are found to be similar to the ones in the SU(2) case (cf. (B.29))

wia=V1+B2E/(p+8)2+1, wya=—V1+02+/(p—p2+1, (B.13)

g=8"1.

The fermionic fluctuation Lagrangian has the following general form [B7]

L = 29D, Dr =T40y) —I'301 +ial'y + cloig + dl136, (B.14)
where
_ ﬂmm*orl R ,L;_k;WQ — w? , g k:mm“% ‘ (B.15)
VEZ =12 w K2 — 2 K2 — 12
Expanding in large J and rescaling the coordinates we obtain for k = —1
) 1
Dp =Ty0; —I's0, £il'1 — §ﬁP016 -1+ ﬂ2P136 . (B16)

The resulting fermionic characteristic frequencies are

w==+V1+3=+ @i%m2+1. (B.17)
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Proceeding as in the SU(2) sector in section 3.2 to compute the 1-loop correction to the
energy, we again find using (f.2J) that in both the bosonic and fermionic cases the p-
independent square roots in ([B.13) and (B.17) do not contribute to E;. As a result, we get
the same integral (B.29) as in the SU(2) case

Elzl/ dp[fi\/p +14+V(+ 02+ 1+ (p—0)>

— 4+ 3 B +1-4 \/p——ﬂ +1]—0 (B.18)

C. Giant magnons in the SL(2) sector

In this appendix we shall consider “giant magnons” in the SL(2) sector, i.e. the analogs
of the solutions of [J] and of section 2.1 that have spins in both AdSs and S°. These
“magnons” turn out to stretch to the boundary of AdS5 and, strictly speaking, have not
only infinite energy, but also infinite £ — J. However, this infinity, unlike the usual infinity
for E or J is associated with the boundary, and as such can be removed with a local
counterterm. The final result is finite.

The setup is similar to the SU(2) case in section 2.1. The relevant metric is that of
AdSs x S! part of AdSs x S°

ds? = —cosh? p dt® + dp® + sinh? p dx* + d¢?, (B.1)

and we make the ansatz

t=r, p=1t+ (o)

p=plo), x=w(t-1v()). (B.2)
We then find that D in the action (R.3) is given by

D = (cosh? p — 1 — w?sinh? p)((9,¢))? + w?sinh? p (0,10)* + (Opp)?
+(0yp — w? sinh? p Oy1h)>
= cosh? p (9,¢)? + w? sinh? p cosh? p (9,4)% + (1 — w?) sinh? p (9, p)?

—w?sinh? p (9,0 + ,10)% . (B.3)
The resulting equations of motion have the special solution for 1)
1
Do) = —5—0sp. B.4
V= piad (B.4)

Substituting it back into the action we have the same expression as in (R.9), except that

now

i
r =coshp = 1.ng00 , —po <Y < pg. (B.5)
sin ¢

The difference £ — J and the spin S are then given by

[op A / sin g
oV —w? Sy 7 sin? 7
S=wE-1J). (B.6)
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Strictly speaking, the quanties in (B.6) are infinite because of the singularity at ¢ = 0.
This corresponds to p = oo which is at the boundary of AdS5. Hence, this divergence is
in the UV and differs from the individual divergences of E and J which are in the IR.
Accordingly, the divergence can be cancelled with a counterterm. This is accomplished by
deforming the contour slightly away from ¢ = 0, giving the regulated answers

(B = Jees = V' cos g g __ W A cos g (B.7)
VI —w? e 1 —w?’ '
where the subscript (reg) refers to the regulated quantities. We can then write
5, A ol
(E — J)reg = =1/ |Sreg|? + —psin®y. (B.8)

One can also derive this result using the finite gap analysis. We first remark that an
SL(2) spin chain, strictly speaking, cannot have Bethe strings of finite size. For example,
the Bethe equations for the one loop anomalous dimension in the SL(2) sector are

. s .
<yj—z/2>J: yj — Yk +i (B.9)
yj +i/2 iy Y5 T YR

In the limit J — oo, the left hand side is zero if Imy; > 0. This means that the right hand
side must also be zero, which can be accomplished only if there is also a root at y; + i.
But then replacing by y; by y; + in the Lh.s. of (B.9) we again end up with a zero, which
means that there is a root at y; + 24, and the argument continues ad infinitum. Hence,
there are an infinite number of roots in the string and so S is infinite.

When taking the continuum limit, the Bethe equations turn into integral equations
and the Bethe strings become condensates. In the finite gap equations this translates into
condensates of infinite extent. Furthermore, in order for the energies to be real, every
infinite condensate must be paired with its complex conjugate. The finite gap equations
for the SL(2) sector are very similar to the SU(2) equations [BY], and, in particular, the
equations in (§.19) are the same with J; and J; replaced by S and J. Hence, we find that
for an infinite condensate and its conjugate

+ico+yo +ilS[/2+yo
S = dy p(y) — / dy p(y) - (B.10)
—i00+yo —ilS]/2+yo
The first integral is infinite if p = —i along the path. However, if we deform the contour
slightly the integral will be zero, since p only has a double pole at infinity. Hence we find
Sreg = —|Sreg|. Likewise,
+i]S|/24+vo
py)
(E — J)reg = Sreg — 292/ dy : (B.11)
- - —i|S[/2+yo YV — 292 +y? — 292

We solve for yo the same way as in section 4.3 and then (B.11)) immediately gives (B.§).
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The same result can be derived for the SL(2) sector from the discrete asymptotic
BDS-type Bethe equations in [, iJ]. The arguments work in almost the same way as for
the SU(2) sector as discussed in section 4. In this case the Bethe equations become

-\ 7 S . 1-— €—+
() B § Ay (B.12)
+ — — 2 ) .
X k#j yi—yk =i\ 1 2x§x;

where x}t =x(y; £4/2). Hence, as in the one-loop case if Imy; > 0, then there must be a
root at y; + 4. Hence, the Bethe string goes on forever in the imaginary direction. In order
to have real solutions, we require that there also be the complex conjugate of this Bethe
string. In any case, one now finds that

1 1
E— s Sos — i : ——
( Jreg = Steg = 9 Z( X(yo + i[Sregl/2 +i5) (yo+z|Sreg|/2+w—z)>

+zg2z< 1 — 1 >
yO_Z|Sreg|/2_ZJ +Z) X(?/O—i|5reg|/2+ij)

— _id? 1 B 1
- <X(y0+i|Sreg|/2) X(yo—i|5reg|/2)> : (B.13)

This then leads to ([B.§).

The negative sign in front of the square root in (B.§) may seem puzzling, so let us try
to give a possible interpretation of this configuration on the gauge side. The divergence
of S and F — J is due to the string going out to the boundary of AdS5. This suggests
that we have inserted a localized adjoint gauge source, in other words, a Wilson line in
the adjoint representation along a particular trajectory of the gauge theory. The infinite
value for ¥ — J can then be interpreted as the infinite contribution coming from a source of
infinite mass, as was the case for the quark-antiquark configuration in [BY, i(]. Likewise, if
the source is moving along the boundary, it will have infinite angular momentum if it has
infinite mass. The regularization then corresponds to subtracting off this infinite energy
and angular momentum and the resulting finite £ — J and S are the contributions of the
operators in the presence of these sources. If one thinks of the boundary theory as being
defined on R x S3, then the allowed states must be color singlets on S3. Hence, if an
adjoint source is inserted somewhere on the S3, this must bind onto states such that the
net color is zero.' With the background color source, we see no violation of the usual
supersymmetry arguments that normally enforce £ > J.

19Tet us note that in the Poincare coordinates in AdSs with the metric ds? = Ij—j(fdt2+dr2+r2d02+d22),

the above solution has the form:
R Sin [%2) 2 2 2 sin2 %2

z=———"—, t=Rtant, r"=(R"+t)(1 — — , 0 =warccos(———=

sin g cos t ( ) sin? g ) ( VR?2 4+ t2

The boundary is at z = 0 which occurs at ¢ = 0. Here t is the global time and t refers to the Poincare

).

patch time. The trajectory at the boundary has the source coming in from infinity and reaching a minimum

distance R at t = 0. In the meantime its angle changes between —%* and +%F (as w approaches 1 the

trajectory approaches a lightlike straight line).
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Note that the circular SL(2) solution discussed in appendix B is not made up of
magnons of this type. Instead, the circular solution has a single cut shrinking to zero
size along the real axis, which contrasts with the SU(2) case where it is a cut along
the imaginary direction that is shrinking. But the bound magnons correspond to roots
extended along the imaginary direction, and so, unlike the SU(2) case, it is not possible
to see the SL(2) circular solution emerging as a limiting case of bound magnons.
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